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2 SAHARON SHELAH
§0 Introduction
We shall deal mainly with first countable topological spaces.
All spaces will be Hausdorff.
0.1 Definition. 1) A space X is metrizable if the topology on X is induced by a
metric.
2) A space X is (< λ)-metrizable if for each Y ⊆ X , |Y | < λ, the induced topology
on Y is metrizable. Let µ-metrizable mean (< µ+)-metrizable.
3) A space X is CWH (collectionwise Hausdorff) if for every subspace Y on which
the induced topology is discrete (i.e. every subset is open) there is a sequence
〈uy : y ∈ Y 〉 of pairwise disjoint open subsets of X , such that for every y ∈ Y we
have y ∈ uy.
4) A space X is (< λ)-CWH if for every Y ⊆ X of cardinality < λ, Y (with the
induced topology) is CWH.
µ− CWH means (< µ+)− CWH.
5) A space is CWN (collectionwise normal) when: if 〈Yi : i < α〉 is a sequence of
pairwise disjoint subsets of X , and each Yi is clopen in X ↾ (
⋃
j<α
Yj), then we can
find pairwise disjoint open 〈Ui : i < α〉 in X such that Yi ⊆ Ui.
6) A space is (< λ)−∗ CWN if every subspace with < λ points is CWN (we use
the ∗ because there may be a bound α < λ such that all relevant subspaces are of
size < α).
n−∗ CWN means (< µ+)−∗ CWN .
0.2 Question. (ZFC) 1) Are there ℵ1-metrizable not metrizable (first countable
Hausdorff topological) spaces?
2) Are there ℵ1 − CWH not CWH first countable spaces?
We shall also consider analogous questions with ℵ1 replaced by any λ > ℵ0.
Note: λ-metrizable ⇒ λ− CWH. Also, metrizable ⇒ CWN ⇒ CWH.
0.3 Observation. 1) Assume X is a space with character χ ≤ λ (i.e. every point
has a neighborhood basis of cardinality ≤ χ).
Then:
(a) X is λ − CWH iff for every subspace Y of cardinality ≤ λ on which the
induced topology is discrete there is a sequence 〈uy : y ∈ Y 〉 of pairwise
disjoint open subsets of X , y ∈ uy.
(b) In (a), for any fixed µ ≤ r, we can restrict ourselves (on both sides) to
discrete subsets of cardinality µ.
2) If X is CWN then X is CWH.
Proof. 1) The implication ⇐ is immediate. For the implication ⇒ assume that
Y ⊆ X, |Y | ≤ λ and X ↾ Y is the discrete topology. Let 〈Uyi : i < i
y ≤ χ〉 be
a neighborhood basis in X for y ∈ Y ; choose for y1, y2 ∈ Y, i1 < i
y1 , i2 < i
y2 a
point z[y1, y2, i1, i2] which is in U
y1
i1
∩Uy
2
i2
, if this intersection is non-empty. By the
assumption X ↾ Y1 is CWH, where
Y1 = Y ∪ {z[y
1, y2, i1, i2]: y
1 ∈ Y, y2 ∈ Y, i1 < i
y1 , i1 < i
y2}. 0.3
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§1 Analysis of “ℵ1 − CHW but not CHW”
1.1 Lemma. 1) Assume
(∗)λ cf(λ) = ℵ0 < λ, ηα ∈
ωλ for α < λ+, and for each β < λ+, we can find
pairwise disjoint end segments for 〈ηα : α < β〉
(e.g. ∃hβ : β → ω such that
α1 < α2 < β ∧ k > hβ(α1) ∧ k > hβ(α2)⇒ ηα1 ↾ k 6= ηα2 ↾ k).
Then 1) the space ω>λ ∪ {ηα : α < λ
+} with the topology given below is
(α) first countable and Hausdorff
(β) λ− CWH, even λ-metrizable
(γ) not λ+ − CHW .
The topology is the obvious one each η ∈ ω>λ is isolated, and for each α < λ+, the
neighborhood basis of ηα is {{ηα ↾ ℓ : k < ℓ ≤ ω} : k < ω}.
2) Moreover, the space is not metrizable but is λ-metrizable.
Proof. Straightforward. 1.1
1.2 Conclusion. 1) If the answer to 0.2(1) or 0.2(2) is “no”, then (∗)λ of 1.1 is not
true for any λ.
2) If (∗)λ of 1.1 fails for all λ, then
(∗) cf(λ) = ℵ0 < λ⇒ pp(λ) = λ
+
(by [Sh355,1.5A]).
3) If 2)’s conclusion holds, then for every λ singular we have pp(λ) = λ+. (By
[Sh371, 1.10] or [Sh371, 1.10A(6)] or [Sh355, 2.4(1)]), hence for θ < µ
cov(µ, θ+, θ+, 2) ≤ µ+ (by [Sh430, 1.1]).
4) If 3)’s conclusion holds then:
(∗) if λ is singular strong limit then
(a) 2λ = λ+
hence
(b) ♦∗Sλ where Sλ = {δ < λ
+ : cf(δ) 6= cf(λ)}, and ♦∗S means that
there is a 〈Pδ : δ ∈ S〉, Pα ⊆ [α]
λ, |Pα| = λ such that
(∀X ⊆ λ+)(∃ club C)
[ ∧
δ∈S∩C
(X ∩ δ) ∈ Pδ
]
(by [Sh108] and see there on earlier work of Gregory).
So clearly ♦∗S & S1 ⊆ S ⇒ ♦
∗
S1
.
(5) Not only pp(λ) > λ+ and λ > ℵ0 = cf(λ) implies (∗)λ (from 1.11); but assume
we have 〈λn : n < cf(λ)〉,
∑
n
λn = λ, λn = cf(λn), tcf(Πλn/J
bd
ω ) = λ
+ exemplified
by f¯ = 〈fα : α < λ
+〉 such that
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⊕ if ℵ0 < cf(δ) = κ < λ, then there is a closed unbounded A ⊆ δ and
nα < cf(λ) for α ∈ A such that nα, nβ < n < cf(λ)⇒ fα(n) < fβ(n).
Then using ⊕ rather than (∗)λ, in 1.1 we get a κ
+-CWH, κ+-metrizable first count-
able space (see [Sh355,§6]). 1.2
1.3 Construction. Assume λ = iω1 (or just λ is a strong limit, cf(λ) 6= ℵ0),
2λ = λ+ and S is a stationary subset of λ+,
S ⊆ {δ < λ+ : cf(δ) = ℵ0 and ω
2 divides δ} (the existence of an S like that such
that ♦S suffices).
We shall build a space with the set of points {xα, yα : α < λ
+}. Each xα will be
isolated in X and each yβ will have a countable neighborhood basis in X . We shall
have {uα,n : n < ω} as a neighborhood base of yα with uα,n decreasing in n and
uα,n = {yα} ∪ {xβ : fα(β) > n} where fα(β) ∈ ω.
Note that each Yα is isolated in the space restricted to {Yα : α < λ
+}.
The only thing left is to define is f .
We set fα(β) = 0 except in some specified cases. For the space to be Hausdorff it
is enough to have:
for α < β there is an m = m(α, β) < ω such that
¬(∃γ)[fα(γ) ≥ m & fβ(γ) ≥ m]. We shall make a stronger condition:
(∗) α < β ⇒ (∃≤1γ)[fα(γ) ≥ 1 & fβ(γ) ≥ 1].
Remember that ♦S holds as 2
λ = λ+ and cf(λ) > ℵ0. So there is a 〈gα : α ∈ S〉
gα : α→ ω such that
(∀g ∈ λ
+
ω)(∃statα ∈ S)(gα = g ↾ α).
Now, if the space is CWH then there is a g : λ+ → ω such that 〈uα,g(α) : α < λ
+〉
are pairwise disjoint.
We define by induction on α a limit < λ+, fi(j) for i, j < α. Call the sequence
〈fi : i < α〉 in
αω fα, so if α < β, then fα is an initial segment of fβ. Usually we
just give value zero to f i(j).
If α ∈ S, and gα looks as a candidate for g, i.e. 〈u
α
i,gα(i)
: i < α〉 are pairwise
disjoint, where uαi,k =: {β < α : fi(β) > k}, and if for some m = mα,
otp({β < α : gα(β) = m}) = α, then choose
(a) βαn < β
α
n+1 · · · < α =
⋃
n
βαn
(b) gα(β
α
n ) = m
and define fα+ω (extending fα) by
fα+ωα (α+ n) = n
and
fα+ωβαn
(α+ n) = m+ 1
(other values of fα+ω are zero). If gα fails the conditions above, choose mα = 0,
βαn satisfying conditions (a) above and extend f
α as just described.
So we cannot extend gα to n
+ : if g(α) = k we get
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∈ (uα,k+1 ∩ uβα
k+18
, gα(β
α
k+18)).
So the space is not CWH (hence not metrizable). For simplicity, we can request that
βαn /∈
⋃
γ∈S
[γ, γ + ω). Suppose the space is not ℵ1 − CWH. So for some U ∈ [λ
+]ℵ1
X ↾ {xα, yα : α ∈ U}
is not CWH.
So without loss of generality if
α ∈ S ∩ U
then
α+ n ∈ U and
βαn ∈ U .
So
⊗ for every g : U → ω (candidate to give the separation),
we get: for some α ∈ S ∩ U , (∃∞n) g(βαn ) ≤ mα.
This is a contradiction. 1.3
1.4 Comments.
(1) The space constructed in 1.3 does not have neighborhood bases consisting of
countable sets, so is not excluded by the earlier consistency results from [JShS320].
(2) But Levy(ℵ1,λ+) “X is not ℵ1- CWH” may fail unless we put more restrictions
on the βαn . See (3).
(3) If we build X as above, let P = Levy(ℵ1, λ
+) and we build a P -name g
∼
such
that
P “g
˜
: λ→ ω witnesses that X is CWH”,
then X is ℵ1-CWH.
[Why? given a Y ∈ [λ+]ℵ1 , we can find 〈pi : i < ω1〉 increasing in P such that∧
α∈Y
∨
i
pi  g
˜
(α) = something].
1.5 Definition. We say that the space X is λ−WCWH if for any discrete set of
λ points, some subset of cardinality λ can be separated by disjoint open sets.
1.5A Remark. By a theorem of Foreman and Laver for first countable spaces we
have the consistency of: ℵ1 −WCWH ⇒ ℵ2 −WCWH.
On the other hand, e.g. namely in [FoLa], starting with a huge embedding
j : V →M with critical point κ and j(κ) = λ, the following is obtained:
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There is a forcing notion P ∗ R such that P is κ-c.c.,|P| = κ, V [GP] |= κ = ω1,
R ∈ V [GP] is λ-c.c., of cardinality λ and (< κ)-closed and V [GP∗R] |= λ = ω2. In
addition, there is a regular embedding h : (P ∗R)→ j,P with h(p)− p for all p ∈ P
and the master condition property holds for h, jP∗R. Finally, if G is (P∗R)-generic,
then in V [G], jP/h′′(G) is κ- centered.
The consistency of ℵ1 − WCWH → ℵ2 − WCWH for first countable spaces
clearly follows from the above result of [FoLa]. For the convenience of the reader
we include the following easy Claim 1.5B which shows this implication.
1.5B Claim. Suppose X is a first countable topological space and |X | = κ+, while
Y0 ⊆ X is a discrete subspace of X, with |Y0| = κ
+. If P is a κ+-c.c., even
κ-centered forcing notion such that
P “There is a Y ⊆ Y0 with |Y | = |X | and Y is separated in X”,
then
in V , there is a Y ⊆ Y0, |Y | = |Y0| and Y is separated in X.
Proof. Without loss of generality, the set of points of Y0 in V
P is κ+, and we denote
λ = κ+. We may fix a set {x
˜
γ : γ < λ} of P-names such that
P “{x
˜
γ : γ < λ} is separated”.
We can also assume that there are no repetitions among the x
˜
γ , and that x
˜
γ ≥ γ.
Suppose that in V , the neighborhood bases for points in Y0 are given by
〈
〈uny : n < ω〉 : y ∈ Y0
〉
.
So, without loss of generality {u
n
˜
(γ)
x
˜
γ : γ < λ} are pairwise disjoint, in V
P.
Now, let P =
⋃
i<κ
Pi where each Pi is directed.
For each α < λ, there is a forcing value to x
˜
α, say βα. So, there is an i(∗) < κ such
that A = {α : βα ∈ Pi(∗)} is unbounded in λ.
Therefore, {βα : α ∈ A} is separated by
{u
n(α)
βα
: α ∈ A}.
(So, having that any two members of Pi are compatible, or that out of any λ
elements of P there are λ pairwise compatible, i.e. P is λ-Knaster, suffices). 1.5.B
1.6 Claim. There is a first countable Hausdorff space X which is (2ℵ1)+−WCWH
but is not WCWH.
Proof. Let λ =
∑
n<ω
λn, λ
ℵ0
n < λn+1. Let 〈ηα : α < λ
+〉, ηα ∈
ωλ, α < β and
ηα <Jbdω ηβ .
Topology: as in 1.1.
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Proof of not λ+ −WCWH : if U ∈ [λ+]λ
+
, 〈ηα : α ∈ U〉 cannot be separated
as |{ηα ↾ ℓ : ℓ < ω, α ∈ U}| ≤ λ.
If U ∈ [λ+](2
ℵ0)+ , without loss of generality otp(U) = (2ℵ0)+; set
U = {αζ : ζ < (2
ℵ0)+}. Now for some Y ∈ [(2ℵ0)+](2
ℵ0)+ and n,
〈ηαζ ↾ [n, ω) : ζ ∈ Y 〉 is strictly increasing (not just modulo J
bd
ω but in every
coordinate (see [Sh355,§6], [Sh400,§5], [Sh430,§6]). 1.6
1.7 Remark. We can prove other Claims like 1.6 (see the references above).
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§2 On not CWH, ℵ1-CWH Spaces
2.1 Definition. For an ordinal γ let us define
(∗)1γ there is a S ⊆ {δ < γ : cf(δ) = ℵ0} and, for δ ∈ S, a sequence 〈β
δ
n : n < ω〉
strictly increasing with limit δ, and a mδ < ω,
such that (∀g ∈ γω)(∃δ ∈ S)(∃∞n)[g(βδn) ≤ mδ].
2.2 Claim. (1) If the answer to 0.2 is no (or much less), then for some γ < ω2,
(∗)1γ holds.
(2) If MA+ ¬CH, then γ < 2ℵ0 ⇒ ¬(∗)1γ .
(3) Without loss of generality, in (∗)1γ, each β
δ
n is a successor ordinal.
Proof. 1) By the proof of 1.3 and 1.2.
(2) Check. Use the natural forcing {p : p is a finite function from γ to ω} with p ≤ g
iff p ⊆ g & (∀δ)(δ ∈ S ∩ Dom(p)→ (∀n)[βn ∈ Dom(g)\Dom(p)→ g(βn) > nδ]).
(3) Check.
2.2A Conclusion. If MA+ ¬CH then the answer to 0.2 is yes. In fact, there is an
ℵ1-metrizable (hence ℵ1-CWH) not CWH (hence not metrizable) first countable
space.
Proof. By 2.2(1) and 2.2(2).
2.3 Claim. If (∗)1γ for some γ < ω2, then (∗)
1
ω1
.
Proof. Choose γ∗ < ω2 minimal such that (∗)
1
γ∗ . Clearly γ
∗ ≥ ω1.
If γ∗ = ω1 we are done. So assume γ
∗ > ω1, and we shall get a contradiction.
We fix an S ⊆ γ and mJ , 〈βJn : n < ω〉 for J ∈ S1, which exemplify (∗)
1
γ∗ . Note
that for every γ < γ∗ there is a gγ ∈
γω such that:
⊗ if δ ∈ S ∩ γ then {n : gγ(β
δ
n) ≤ mδ} is finite.
Case 1. γ∗ = γ + 1, γ /∈ S.
Extend gγ by {〈γ, 0〉}.
Case 2. γ∗ = γ + 1, γ ∈ S:
define g ∈ γ
∗
ω:
if β ∈ γ, β /∈ {βγn : n < ω} then g(β) = gγ(β)
if β = γ then g(β) = 0
if β = βγn then g(β) = Max{gγ(β), n+ 8, mγ + 8}.
So g gives a contradiction.
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Case 3. cf(γ∗) = ℵ0.
Let γ∗ =
⋃
n<ω
γn, γ0 = 0, γn < γn+1, and each γn+1 is a successor of a successor
ordinal.
Let g = ∪{gγn+1 ↾ [γn, γn+1) : n < ω} - it gives a contradiction.
Case 4. cf(γ∗) = ω1.
Let 〈γi : i < ω1〉 be increasing continuous with limit γ
∗, γ0 = 0, γi+1 a successor
of a successor ordinal.
Let S′ =: {γi : γi ∈ S (so i is a limit ordinal)}.
Subcase A. γ∗, 〈< βγn : n < ω >: γ ∈ S
′〉, 〈mγ : γ ∈ S
′〉 does not exemplify (∗)1γ∗ .
So some g∗ ∈ γ
∗
ω shows this. Define g by:
if β ∈ [γi, γi+1) then g(β) = Max{gγi+1(β), g
∗(β)}
So g gives a contradiction.
Subcase B. 〈< βγn : n < ω >: γ ∈ S
′〉, 〈mγ : γ ∈ S
′〉 exemplifies (∗)1γ∗ .
Let S∗ = {i < ω1 : i a limit, γi ∈ S} (necessarily stationary).
Let γ∗ =
⋃
i<ω1
ai, ai countable increasing continuous,
such that a0 = ∅,
ai ∩ {γj : j < ω1} = {γj : j < i}, ai ⊆ γi and γj ∈ ai ∧ j ∈ S
∗ ⇒
∧
n
βγjn ∈ ai.
For i ∈ S∗ let ui = {n < ω : β
γi
n ∈ ai}.
Note
⊗ if i ∈ S∗ and j < i, then {n ∈ ui : β
γi
n ∈ aj} is finite, as it is included in
{n < ω : βγin < γj}. [Why? Remember aj ⊆ γj].
Let S∗∗ = {i ∈ S∗ : ui is infinite and i is a limit ordinal}. So we already know
⊕ for every g ∈ γ
∗
ω, for some i ∈ S∗, for infinitely many
n < ω, g(βγin ) ≤ mγi .
We claim
⊕+ for every g ∈ γ
∗
ω for some i ∈ S∗∗, for infinitely many n ∈ ui we have
g(βγin ) ≤ mγi .
Otherwise, for some g∗ ∈ γ
∗
ω this fails and we define g:
let β ∈ ai+1\ai (there is one and only one such i),
then g(β) = Max{g∗(β), mγi + 8, mγi+1 + 8}
As g gives a contradiction to ⊕, clearly ⊕+ holds.
Now let h be a one to one function from ω1 onto γ
∗ such that for i limit, h maps
{j : j < i} onto ai.
Let for i ∈ S∗∗, {jin : n < ω} enumerate {j < i : h(j) ∈ {β
γi
n : n ∈ ui}}, and
m∗i = mγi for i ∈ S
∗∗.
Now 〈< jin : n < ω >: i ∈ S
∗∗〉, 〈m∗i : i ∈ S
∗∗〉 exemplifies that γ∗ could have been
chosen to be = ω1, as required. 2.3
We define the combinatorial property we actually use
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2.4 Definition. 1) INCWH(λ) = INCWH1(λ) means:
λ is regular > ℵ0 and for some stationary S ⊆ {δ < λ : cf(δ) = ℵ0} we have
〈mδ < β
δ
n : n < ω >: δ ∈ S〉 such that:
mδ < ω, β
δ
n < β
δ
n+1 < δ =
⋃
n<ω
βδn, β
δ
n is a successor and:
(a) for every g ∈ λω, for some δ ∈ S, for infinitely many n, g(βδn) ≤ mδ
(b)λ for every U ⊆ λ, |U | < λ, for some g ∈
Uω, for every δ ∈ S ∩ U , for
every n < ω large enough, g(βδn) > mδ.
2) We can replace mδ by 〈m
δ
n : n < ω〉, requesting q(β
δ
n) ≤ m
n
δ in (a) and q(β
δ
n) >
mn in (b)λ. In this way we obtain a weaker property, which we call INCWH
2(λ).
For other versions of the principle, as well as the connections between the various
versions, see §3.
2.4A Discussion. 1) If INCWH(λ), then there is a space (as in 1.3) which is
Hausdorff first countable with λ points, not metrizable, not even CWH, but every
subspace of smaller cardinality is metrizable.
2) So if we prove (∃λ > ℵ1)INCWH(λ) we have solved the original problem 0.2.
3) (b)κ means that we require |U | < κ. Note that (b)ℵ1 holds trivially and that
n ≤ κ & (b)κ ⇒ (b)n.
More formally
2.5 Claim. If INCWH(λ) then SINCWH(λ) (even exemplified by a (< λ)-
metrizable space) where:
2.6 Definition. SINCWH(λ) means that there is a first countable T2-space X
with λ points which is (< λ)-CWH (i.e. for every discrete subset of cardinality < λ
we can choose pairwise disjoint open neighborhoods) but not λ-CWH.
Proof of 2.5. The points of X are yα (α < λ) and xα,β (β < α < λ) with xα,β
isolated and yα which have neighborhood bases 〈uα,n : n < ω〉:
if α ∈ S uα,n = {yα} ∪ {xα,β : for some k > n, β = β
α
k }
if α /∈ S uα,n = {yα} ∪ {xδ,α : α < δ ∈ S, for some k, α = β
δ
k, and n ≤ m
δ}.
Here, S is a fixed stationary ⊆ {δ < n : cf(δ) = ℵ0} which exemplifies INCWH(λ),
together with
〈
mδ, 〈β
δ
n : n < ω〉 : δ ∈ S
〉
.
Checking of “X not CWH”
Let Y = {Yα : α < λ}.
Note that X ↾ Y is a discrete subspace of X . Let {uα,n : n < ω} be the neighbor-
hood basis of yα there is 〈uα,g(α) : α < λ〉, a sequence of pairwise disjoint sets, for
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some g ∈ λω. As uα,g(α) ∩ uβ,g(β) = ∅ for α 6= β(< λ) clearly for α ∈ S, β = β
δ
n we
get n > g(α)⇒ g(β) > mα (since otherwise xα,β ∈ uα,g(α) ∩ uβ,g(β).
So g contradicts (a) of INCWH(λ).
Checking of “X is (< λ)− CWH”
Let Z ⊆ X, |Z| < λ and X ↾ Z is discrete. Let
Z0 = {xα,β : β < α < λ} ∩ Z, Z1 = {yα : α ∈ λ\S} ∩ Z, Z2 = {yα : α ∈ S} ∩ Z,
so 〈Z1, Z2, Z3〉 is a partition of Z. Let U = {α ∈ S : yα ∈ Z2}, so |U| < λ,U ⊆ λ
hence by the assumption, there is a g0 ∈
λω as in (b)λ.
We define uz, a neighborhood of z for z ∈ Z:
if z ∈ Z0, uz = {xα,β}
if z = yα ∈ Z1, uz = uα,n(α) where
n(α) = Min{n : n ≥ g(α) + 8 and uα,n ∩ Z0 = ∅}
if z = yδ ∈ Z2, uz = uδ,n(δ) where
n(δ) = Min{n : n ≥ mδ + 8 and uδ,n ∩ Z0 = ∅}.
Now check. 2.5
2.7 Claim. Assume λ,
〈
mδ, 〈β
δ
n : n < ω〉 : δ ∈ S
〉
, are as in 2.4 but we require λ
just to be an ordinal, and weaken (b)λ to
(b)κ for every U ⊆ λ, |U| < κ, for some g ∈
Uω
for every δ ∈ S ∩ U , for every n large enough g(βδn) > mδ.
Then for some regular µ, κ ≤ µ ≤ λ we have INCWH(µ).
Proof. If we allow µ in the definition of INCWH(µ) to be an ordinal: straightfor-
ward (and suffices for our main interest). Namely, we choose a U such that
(α) U ⊆ λ,
(β) there is no g ∈ λω such that for every δ ∈ S ∩ U for every n large enough
g(βδn) > mδ,
(γ) under (α) + (β) the order type of U is minimal.
Clearly otp(U) ≤ λ and otp(U) ≥ κ. By the same proof of 2.3, otp(U) is a regular
cardinal, we call it µ and with the ai’s as in the proof of 2.3, we get INCWH(µ).
2.7
2.8 Conclusion. If λ = cf(λ) > ℵ0, ♦{δ<λ:cf(δ)=ℵ0} then for some regular uncount-
able λ′ ≤ λ, INCWH(λ′). This follows by the proof of 1.3 and (b)ℵ1 and 2.7.
2.9 Observation. If S1 ⊆ S2 ⊆ {δ < λ : cf(δ) = ℵ0},
〈
mδ, 〈β
δ
n : n < ω〉 : δ ∈ S1
〉
witness INCWH(λ), then we can find a
〈
m′δ , 〈γ
δ
n : n < ω〉 : δ ∈ S2
〉
witnessing
INCWH(λ).
2.10 Remark. 1) We can replace in our discussion ℵ0 by θ. Toward this we define
a family of spaces.
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2.11 Definition. X ∈ T ℓθ if X is a Hausdorff space with each point x having a
neighborhood basis {ux,α : α < α
∗} such that:
(1) (a) ℓ = 0 and α∗ ≤ θ
(2) (b) ℓ = 1, α∗ ≤ θ and 〈ux,α : α < α
∗〉 is decreasing.
(3) (c) ℓ = 2, α∗ = θ, and 〈ux,α : α < α
∗〉 is decreasing.
2.12 Definition. We define also the principles
INCWH(λ, θ) = INCWH1(λ, θ) and INCWH2(λ, θ) as in 2.4.
2.13 Claim.
(α) if λ > cf(λ) = θ, pp(λ) > λ+ (or the parallel of 1.2(5)), then
⊗ there is an X ∈ T 2θ , |X | = λ
+, X is λ − CWH, X has a discrete
subspace of size λ+, but for some X ′ ⊆ X, |X ′| = λ, cl(X ′) = X (so
|cl(X ′)| > λ) (this is a strong form of X is not λ+ − CWH).
(β) if λ > cf(λ) = θ, λ is a strong limit and 2λ = λ+, then: INCWH(λ′, θ)
for some λ′ = cf(λ′) ∈ [θ+, λ+].
Proof. Similar to the above. 2.13
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§3 Variants of Freeness
3.1 Definition. 1) INCwh(λ) = INCwh1(λ) is defined as in 2.4 except that
〈βδn : n < ω〉 is not required to be increasing with limit δ, just [n 6= m⇒ β
δ
n 6= β
δ
m].
2) INCwh2(λ) is defined as in (1) but we use 〈mδn : n ∈ ω〉 rather than a single
mδ.
3.2 Claim. 0) INCWHℓ(λ)⇒ INCwhℓ(λ), INCWH1(λ)⇒ INCWH2(λ),
INCwh1(λ)⇒ INCwh2(λ).
1) INCwh2(b) (where
b = Min{|F | : f ⊆ ωω and for no g ∈ ωω for every f ∈ F, f <∗ g}.
2) Assume λ ≤ 2ℵ0 and for α < r, fα is a partial function from ω to ω, Dom(fα)
is infinite and U ⊆ λ & |u| < λ ⇒ (∃f ∈ ωω)
∧
α∈U
fα ≤
∗ f but for no f ∈ ωω,
∧
α<λ
fα <
∗ f ,
then INCwh2(λ).
3) It does not matter in 3.1 if we demand “βδn is a successor ordinal”.
Proof. 0) Check.
1) By 2).
2), 3) Check. 3.2
Questions. 1) Are there such examples for λ singular?
2) Suppose in the definition we allow for each α a filter on Dom(fα) generated by
ℵ0 sets; do we get an equivalent principle?
3.3 Claim. Assume INCwh2(κ), λ > κ, λ = cf(λ), S ⊆ {δ < λ : cf(δ) = ℵ0} is
stationary and ♦S holds.
Then (1) there is a 〈〈mδn, β
δ
n : n < ω〉 : δ ∈ S〉 as in 2.4(2), but only (a) and (b)κ
hold.
2) For some regular λ′ ∈ [κ, λ], we have INCWH2(λ′).
3) We can replace INCwh2(λ′), INCWH2(λ) by INCwh1(λ), INCWH1(λ′) re-
spectively.
Proof. Now (2) follows from (1) as in 2.7 and we leave (3) to the reader. The proof
of 3.3(1) is like the proof of 1.3 with one twist. Let h : λ→ κ be such that for every
ζ < κ, h−1({ζ}) has cardinality λ. Let
〈
〈mδn,
∗βδn : n < ω〉 : δ ∈ S
∗
〉
witness INCwh2(κ).
Let 〈gδ : δ ∈ S〉 witnesses ♦S i.e. gδ ∈
δω and for every g ∈ λω for stationarily
many δ ∈ S, gδ = g ↾ δ.
For each δ ∈ S we define a function g∗δ ∈
κω:
g∗δ (ζ) = Min
{
m :for arbitrarily large α < δ we have : m = gδ(α) and
h(α) = ζ
}
, if defined.
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If for some ζ < κ, g∗δ (ζ) is not defined (i.e. there is no such m) - we do nothing.
If g∗δ ∈
κω is defined we know that for some ζ(δ) ∈ S∗, (∃∞n)(g∗δ (
∗β
ζ(δ)
n ) ≤ mδn).
(Such a ζ(δ) exists by the choice of
〈
〈mζn,
∗βζn : n < ω〉 : ζ ∈ S
∗
〉
). We fix such a δ.
For each n < ω choose ξ(δ, n) < κ such that:
(∗)1 for arbitrarily large γ < δ we have
(∗)γ,n γ /∈ S, gδ(γ) = g
∗
δ (
∗β
ζ(δ)
n ) ∧ h0(γ) =
∗β
ζ(δ)
n ∧ h1(γ) = ξ(δ, n)
(∗)2 ζ = ζ(δ) < ξ(δ, n).
Choose γδn such that:
(a) γδn < δ, h(γ
δ
n) =
∗β
ζ(δ)
n , gδ(γ
δ
n) = g
∗
δ (
∗β
ζ(δ)
n )
(b) δ =
⋃
n<ω
γδn and γ
δ
n < γ
δ
n+1.
We claim
〈
〈m
ζ(δ)
n , γδn : n < ω〉 : δ ∈ S
〉
witness the conclusion. Looking at Defini-
tion 2.4, the preliminary properties hold.
We have to prove clause (a) of 2.7.
Proof of (a). Let g ∈ λω. For each ζ < κ, {α < λ : h(α) = ζ} has cardinality λ, so
g∗(ζ) = Min{m : (∃λα)[h(α) = ζ ∧ g(α) = m]}
is well defined. Let
A =: {(ζ,m) : (∃λα < λ)[g(α) = m ∧ h(α) = ζ] and ζ < κ,m < ω}.
Then
E =:
{
δ < λ : for every (ζ,m) ∈ A, for λ many
α < λ, g(α) = m, h(α) = ζ, and for every
(ζ,m) ∈ (κ× ω)\A, we have
δ > sup{α < λ : g(α) = g∗(ζ) ∧ h(α) = ζ}
}
is a club of λ.
For stationarily many δ ∈ S, gδ ⊆ g so there is such a δ ∈ E ∩ S.
Now check: g∗δ = g
∗(g∗δ was defined earlier). The rest is also easy to check.
Proof of (b)λ i.e. (< κ)-freeness. Let u ⊆ λ, |u| < κ, hence v = {h(α) : α ∈ u} is a
subset of κ of cardinality < κ, so by the choice of 〈mδn,
∗βδn : n < ω, δ ∈ S〉 there is
a f∗ : v → ω as required.
Choose f : u→ ω by f(α) = f∗(h(α)), now f is as required. 3.3
3.4 Discussion. 1) Probably INCWH(λ) should mean just there is a first count-
able (< λ)-CWH not λ-CWH, as this is actually the two notions which speak on
mα, β
δ
n(n < ω) or m
α
n, β
δ
n(n < ω) and they should be named INCWH
ℓ(λ),ℓ = 1, 2,
respectively.
So, (∃λ ≥ µ)INCWHℓ(λ) is equivalent to (∃λ ≥ µ)INCwhℓ(λ) (for ℓ = 1, 2).
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3.5 Definition. 1) INCWH3(λ) means: there are S ⊆ λ and f : λ× λ→ ω such
that if we define the spaces as before, i.e.
the points of X are yα, xα,β, (α < β < λ)
each xα,β is isolated
uα,n = {yα} ∪ {xα,β : f(α, β) ≤ n, α < β, α /∈ S, β ∈ S}
∪ {xβ,α : f(β, α) ≤ n, β < α, β /∈ S, α ∈ S}
for n ∈ ω is a neighborhood base at Yα such that:
(a) α < β < λ, uα,n ∩ uβ,m 6= ∅ ⇒ β ∈ S ∧ α /∈ S
(b) for every α < β ∈ S and for some n we have: α < γ < β ⇒ uβ,n ∩ uγ,0 = ∅,
then
(c) the space X is not CWH but is (< λ)-CWH.
2) INCWH4(λ) means: there is a symmetric two-place function f from λ to
{v : v ⊆ ω×ω is finite, and (n,m) ∈ v, n′ ≤ n,m′ ≤ m⇒ (n′, m′) ∈ v} which is not
free (i.e. for any g : λ → ω for some α < β, (g(α), g(β)) ∈ f(α, β)), but is λ-free
(i.e. for every A ⊆ λ, |A| < λ, there is a g : A → ω with no such α < β which are
from A.
The point is that
3.6 Claim. 1) INCWH1(λ)⇒ INCW 2(λ)⇒ INCWH3(λ)⇒ INCWH4(λ).
2) If λ = cf(λ) > ℵ0 and S ⊆ {δ < λ : cf(δ) = ℵ0} is stationary not reflecting,
then INCWH3(λ).
3.7 Lemma. In 2.5 we can weaken INCWH1λ to INCWH
3(λ).
Comment. The INCWHℓ(λ) are not so artificial: we can translate
INCWH(λ) to a similar statement.
3.8 Claim. SINCWH(λ)⇒ INCWH4(λ).
Proof. Let the space X exemplify SINCWH(λ). Let {yα : α < λ} ⊆ X exemplifies
“X not λ− CWH” i.e. it is discrete not separated and α 6= β ⇒ yα 6= yβ .
Let uα,n ⊇ uα,n+1, {uα,n : n < ω} be a neighborhood basis of yα. Now for
each α, n, β,m choose if possible xα,n,β,m ∈ uα,n ∩ uβ,m. Let f(α, β) = {(n,m) :
xα,n,β,m is defined}. This f exmplifies INCWH
4(r). 3.8
3.8A Remark. The ⇐ holds as well.
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§4 General Set Theoretic Spectrum of Freeness
4.0 Definition. For λ > cf(λ) = θ let (∗)λ means: there is a {ηα : α < λ
+} ⊆ θλ
which is λ-free (see (c) in 4.1(1) below).
4.1 Definition. 1) For θ a regular cardinal and σ ≥ 1 (if σ = 1 we omit it) let:
SPθ,σ =
{
λ :there is a family H such that :
(a) every h ∈ H is a partial function from ordinals to θ
(b) h ∈ H ⇒ |Dom(h)| = θ
(c) every H ′ ⊆ H of cardinality < λ is σ-free which means that
it can be represented as a union
⋃
i<i(∗)
H ′i, i(∗) < 1 + σ,
and each H ′i is free. For H
′
i to be free means that there
is a g, a function from ordinals to θ such that
(∀h)(∃ξ < θ)[h ∈ H ′i →
(∀α ∈ Dom(h)[h(α) ≤ g(α) ∨ h(α) ≤ ξ]
(d) H is not σ-free, |H| = λ
}
2)
SPdθ,σ = {λ : there is an H satisfying (a)-(d) above and
(e) each h ∈ H is one to one}.
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3)
SPwθ,σ =
{
λ :there is a family H such that :
(a) if (h, u¯) ∈ H then h is a function from ordinals to θ
(b) if (h, u¯) ∈ H, then u¯ = 〈uε : ε < θ〉 is a decreasing sequence
of subsets of Dom(h)
(c) every pain (H1, Z1), with Z1 ≤ ordinals,
|Z1| < r and H ′ ⊆ H of cardinality < λ is σ-free, which means
it can be represented as
⋃
i<i(∗)
(H1i , Z
1
i ), i(∗) < 1 + σ
and each (H ′i, Z
′
i) is free. This means that there are functions
g, f with g : H ′i → θ and f from ordinals to θ
such that for every (h, u¯) ∈ H ′, for every
α ∈ Z ′i ∩ Dom(h) we have h(α) ≤ max{f(α), g(h)}.
(d)H is not σ-free, |H| = λ
}
4.2 Observation. 0) In Definition 4.1, if each h ∈ H converges to θ, in clause (c) of
4.1(1) we can just demand (∀h)[h ∈ H ′ → θ > |{α : h(α) > g(α)}|].
1) In Definition 4.1(1) without loss of generality
⋃
h∈H
Dom(h) ⊆ λ and in 4.1(3)
without loss of generality
⋃
(h(u¯)∈H)
(h,u¯)
Dom(h) ⊆ λ. Also, without loss of generality
Dom(g) = λ.
2) Note
θ+ ∩ SPθ = ∅ [why? if H = {hζ : ζ < ζ
∗ ≤ θ},
⋃
ζ
Dom(hζ) = {αi : i < θ}, let
g(αi) = sup{hζ(αi) : ζ < i, αi ∈ Dom(hζ)}]. This also follows from 4.1(B1) and
4.2(2).
3) SPθ ∩ [θ
+, 2θ] 6= ∅ [this follows from 4.2(4) below].
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4) We let
b[θ] = Min{|F | :F ⊆ θθ, and for no g ∈ θθ do we have
(∀f ∈ F )(∃ζ < θ)(f ↾ [ζ, θ) < g ↾ [ζ, θ))}
if σ ≤ θ+ then clearly b[θ] ∈ SPθ,σ.
5) In Definition 4.1(3) without loss of generality for (h, u¯) ∈ H,
⋂
ζ<θ
uζ = ∅. Also
without loss of generality, for (k, u¯) ∈ H, uζ = {α ∈ Dom(h) : h(α ≥ ζ} (we say:
u¯ is standard for h).
6) Suppose that H is as in 4.1(3). In c), if we set Z ′ = θ and assume that u¯ is
standard, we obtain:
For every H ′ ⊆ H with |H ′| < λ, there are sets H ′i for i < i(∗) < 1 + σ such
that H ′ =
⋃
i<i(∗)
H ′i and for each i < i(∗), there is a function gi : H
′
i → θ with the
following property.
For every (k, u¯) ∈ H ′i
∃ξ < θ, ∃ξ < θ, ∀α ∈ uξ[k(α) ≤ max{ξ, gi(α)}].
7) Note also that we can without loss of generality assume that Z ′ ⊆
⋃
k∈H′
Dom(k),
for 4.1.3)c).
8) We restrict our attention to the case σ ≤ θ+. Actually, the main interest is in
σ = 1. For σ large enough the definition of σ-free sets as it stands would imply
that all relevant H are σ-free, if |H| = λ.
Notation. For a ⊆ θ × θ : a is pic if (ζ1, ξ1) 6= (ζ2, ξ2) ∈ a ⇒ ¬(ζ1, ξ1) ≤ (ζ2, ξ2)
coordinatewise.
Pic(θ × θ) = {a : a ⊆ θ × θ and a is pic (hence finite)}
Cl(a) = {(ζ, ξ) ∈ (θ × θ) : (∃x ∈ a)(x ≤ (ζ, ξ) coordinatewise}, for a ⊆ θ × θ.
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4.1A Definition. 1) For θ a regular cardinal and σ ≥ 1 (if σ = 1 we omit it) let:
SQθ,σ =
{
λ :there is a family H such that :
(a) every h ∈ H is a partial function from the ordinals
(b) h ∈ H ⇒ |Dom(h)| = θ, Rang(h) ⊆ Pic(θ × θ)
(c) every H ′ ⊆ H of cardinality < λ is σ-free which means that
it can be represented as a union
⋃
i<i(∗)
H ′i, i(∗) < 1 + σ,
and each H ′i is free. For H
′
i to be free means that there
is a g, a function from ordinals to θ such that
(∀h)(∃ξ < θ)[h ∈ H ′i → (∀α ∈ Dom(h)[(g(α),Ξ) ∈ Cl(k(α))]
(d) H is not σ-free, |H| = λ
}
.
2)
SQdθ,σ =
{
λ : there is an H satisfying (a)-(d) above and
(e) each h ∈ H is simple, which means: there is an
enumeration Dom(h) = {αζ : ζ < θ} with no repetitions,
such that h(αg) = {(ζ1, ζ2) : (ζ1, ζ2)  (βζ , γζ)}
for some 〈γζ : ζ < θ〉 which are strictly increasing and⋃
ξ<ζ
βζ < γζ
}
.
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3)
SQwθ,σ =
{
λ :there is a family H such that :
(a) if (h, u¯) ∈ H then h is a function from ordinals to Pie(θ × θ)
(b) if (h, u¯) ∈ H, then u¯ = 〈uε : ε < θ〉 is a decreasing sequence
of subsets of Dom(h)
(c) every pain (H1, Z1), with Z1 ≤ ordinals,
|Z1| < r and H ′ ⊆ H of cardinality < λ is σ-free, which means
it can be represented as
⋃
i<i(∗)
(H ′i, Z
′
i), i(∗) < 1 + σ
and each (H ′i, Z
′
i) is free. This means that there are functions
g, f with g : H ′i → θ and f from ordinals to θ
such that for every (h, u¯) ∈ H ′i, for every
z¯ ∈ Z ′i ∩ Dom(h) we have
(g(h), f(z)) ∈ cℓ(k(z))
(d)H is not σ-free, |H| = λ
(e) (k, u¯) ∈ H ⇒
⋂
ε<θ
uε = ∅
}
.
Note: 1) In 4.1A3)c), we can assume that Z ′ ⊆
⋃
h∈H′
Dom(h).
2) As in 4.1, we consider only the case σ ≤ θ+.
3) SPxθ,σ can be understood as a particular case of SQxθ,σ, where Rang(h) is
restricted to {(ζ, ζ) : ζ < θ}. Here, x ∈ {w, d} or x is omitted.
4.1B Fact. 1) λ ∈ SPθ,σ implies that λ ∈ SQθ,σ
λ ∈ SPdθ,σ implies that λ ∈ SQdθ,σ, and
λ ∈ SPwθ,σ implies that λ ∈ SQwθ,σ.
2) λ ∈ SQdθ,σ implies that λ ∈ SPθ,σ.
Proof. H exmplifies that λ ∈ SPθ,σ, let H
⊗ = {hx : h ∈ H}, where for h ∈ H, h⊗
is a function with domain Dom(h) and
h⊗(α) = {(h(α), h(α))}.
Similarly for SPdθ,σ.
If H exmplifies that λ ∈ SQwθ,σ, let H
⊗ = {(h⊗, u¯) : (h, u¯) ∈ H}.
2) Let H = {hj : j < λ} exemplifies that λ ∈ SQdθ,σ, Let us enumerate Dom(hj) ≤
{αjζ : ζ < θ} for j < λ, as in clause (e) of 4.1A(2).
Then we know that
hj(α
j
ζ) =
{
(ε1, ε2) :ε1 < θ and ε2 < θ and
(ε1, ε2)  (β
j
ζ , γ
j
ζ)
}
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for some (γjζ : ζ < θ) which is strictly increasing and γ
j
ζ >
⋃
ξ<ζ
βjζ .
Let h⊕j be the function with domain Dom(h
′
j) = {α
j
ζ : ζ < θ} and defined by
h⊕j (αζ) = β
j
ζ . Then H
⊕ = {h⊕j : j < λ} exemplifies that λ ∈ SPθ,σ.
Notation. For a function h from a subset of ordinals to Pie(θ× θ), we say that h
converges to θ, if
(∀β < θ)(∃α)(∀γ ∈ Dom(h)\α)
[(ε1, ε2) ∈ h(γ)⇒ ε1 > β and ε2 > β].
4.2A Observation. 0) In Definition 4.1.A, if each h ∈ H converges to θ, in clause
(c) of 4.1A(2) we can just demand
(∀h)[h ∈ H ′ → θ > |{α : ∃(ε1, ε2) ∈ k(α)[ε1 > g(α) ∨ ε2 > g(α)]|.
1) In Definition 4.1(1) without loss of generality
⋃
h∈H
Dom(h) ⊆ λ and in 4.1A(3)
without loss of generality
⋃
(h(u¯)∈H)
(h,u¯)
Dom(h) ⊆ λ. Also, without loss of generality,
Dom(g) = λ.
2) Note
θ+ ∩ SQθ = ∅ [why? if H = {hζ : ζ < ζ
∗ ≤ θ},
⋃
ζ
Dom(hζ) = {αi : i < θ}, let
g(αi) = sup{max hζ(αi) : ζ < i, αi ∈ Dom(hζ)}].
3) SQθ ∩ [θ
+, 2θ] 6= ∅ [this follows from 4.2.3) and 4.1.B1)]. Actually, b[θ] ∈ SQθ.
4) In 4.1A3)c), if we set Z ′ = θ, we obtain the following property.
For every H ′ ⊆ H of cardinality < λ, there are sets H ′i for i < i(∗) < 1 + σ, such
that there are functions (qi : i < i(∗)), qi : H
′
i → θ satisfying: if (h, u¯) ∈ H
′
i, then
(∃ζ < θ)(∃ξ < θ)(∀α ∈ uζ)[(qi(α), ξ) ∈ cℓ(h(α)].
4.3 Claim. 1) If there is an H as in (a), (b) of 4.1(1) which is (< µ)− σ-free not
λ− σ-free then there is a λ′ ∈ [µ, λ] ∩ SPθ,σ. Similarly for 4.1(2), 4.1(3).
2) If ppΓ (θ)(λ) > λ
+, λ > cf(λ) = θ (or just (∗)λ of 4.0) and
λ ≥ σ then SPθ,σ ∩ [λ
+, λθ] 6= ∅.
Proof. 1) Straightforward.
2) Let for {ηα : α < λ
+} ⊆ θλ be λ-free, without loss of generality
〈{ηα(ζ) : α < λ
+} : ζ < θ〉 are pairwise disjoint and let
H =
{
h : for some α < λ+ and a ⊆ λ+, otp(a) = θ,Dom(h) = a,
h is strictly increasing and for β ∈ a
h(β) = sup{ε : ηα(ε) = ηβ(ε)}
}
.
Now H is not free: if g : λ+ → θ, then for some ε < θ, A = {α < λ+ : g(α) = ε} is
of cardinality λ+. Choose by induction on ζ < λ+ an ordinal α∗ζ < λ
+ increasing
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with ζ such that
∪{Rang(ηα) : α ∈ A ∩ α
∗
ζ+1\α
∗
ζ} = ∪{Rang(ηα) : α ∈ A\α
∗
ζ}.
Next choose α ∈ A\α∗θ and βζ ∈ A ∩ [α
∗
ζ , α
∗
ζ+1) such that ηβζ (ζ) = ηα(ζ) and let
a = {βζ : ζ < θ}, h ∈
aθ, h(βζ) = sup{ε : ηα(ε) = ηβζ (ε)} ≥ ζ, so h ∈ H. As
βζ ∈ A, g(βζ) = ε =constant, so if ξ < θ, {β ∈ Dom(h) : h(β) ≥ g(β), ξ} include
{βζ : ξ, ε < ζ < θ}, which is a contradiction.
On the other hand, H is λ+-free. For suppose H ′ ⊆ H, |H ′| ≤ λ. For h ∈ H ′
choose αh, ah witnessing h ∈ H. Then b = ∪{{αh}∪ah : h ∈ H
′} is a subset of λ+ of
cardinality ≤ λ, hence we can find 〈εα : α ∈ b〉 such that 〈Rang(ηα ↾ [εα, θ)) : α ∈ b〉
is a sequence of pairwise disjoint subsets of λ. Let us define a g : λ+ → θ such that
α ∈ b⇒ g(α) = εα. Now if h ∈ H
′, let ah = {βζ : ζ < θ} (increasing with ζ), so
h(βζ) = sup{ε : ηαh(ε) = ηβζ (ε)}
so h(βζ) ≤ max{εαh , εβζ} = max{g(αh), g(βζ)}
So choose ξ = g(αh) and we get the desired conclusion.
To finish we use part (1). 4.3
4.3A Claim. 1) If there is an H as in (a), (b) of 4.1A(1) which is (< µ)− σ-free
not λ− σ-free then there is a λ′ ∈ [µ, λ] ∩ SQθ,σ. Similarly for 4.1A(2), 4.1A(3).
2) If ppΓ (θ)(λ) > λ
+, λ > cf(λ) = θ (or just (∗)λ of 4.0) and
λ ≥ σ then SQθ,σ ∩ [λ
+, λθ] 6= ∅.
Proof. 1) Straightforward.
2) This follows from 4.3.2) and 4.1.B1). 4.3A
4.4 Claim. 1) The following implications hold for any λ:
(a)⇒ (b)⇔ (b)+ ⇔ (c)⇔ (c)+ ⇒ (d),
where
(a) λ ∈ SQλ0
(b) There is a (< λ)-CWH not λ-CWH first countable space
(b)+ There is a space like in (b), which is in addition (< λ)-metrizable
(c) There is a (< λ)−∗ CWN first countable space with λ points.
(c)+ Thre is a space like in (c), which is in addition (< λ)-metrizable
(d) λ ∈ SQwℵ0 .
2) λ ∈ SQθ,σ ⇒ λ ∈ SQwθ,σ ⇒ [λ, λ
θ] ∩ SQdθ,σ 6= ∅ for σ ≤ θ
+.
3) λ ∈ SPθ,σ ⇒ λ ∈ SPwθ,σ ⇒ [λ, λ
θ] ∩ SPdθ,σ 6= ∅ for σ ≤ θ
+.
4) Similarly for Tθ.
Proof. 1),4)(a) implies (b), (b)+, (c), (c)+. First implication - assumeH exemplifies
that λ ∈ SQθ, we can use the space
X = {yi : i < λ} ∪ {zh : h ∈ H} ∪ {xh,i : h ∈ H, i ∈ Dom(h)}, and for
ζ < θ let uζ [zh] = {zh} ∪ {xh,i : i ∈ Dom(h), (ζ, ζ) /∈ cℓ(h(i))},
uζ [yi] = {yi} ∪ {xh,i : h ∈ H, i ∈ Dom(h), (ζ, ζ) /∈ cℓ(yi(i))} and xh,i is isolated.
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Suppose H ′ ⊆ H, |H ′| < λ and let
X [H ′] = {yi : i < λ} ∪ {zh : h ∈ H
′} ∪ {xh,i : h ∈ H, i ∈ Dom(h)}.
Let g : λ→ θ be such that for every h ∈ H ′, for some ζ[h] < θ we have
i ∈ Dom(h)⇒ g(i), ζ[h]) ∈ cℓ(h(i)).
Let us choose for t ∈ X [H ′] a neighborhood vt:
if t = xh,i then vt = {xh,i}
if t = yi then vt = ug(i)[yi]
if t = zh then vt = uζ[h][zh].
Now
〈vyi : i < λ〉ˆ〈vzh : h ∈ H
′〉ˆ〈vxh,i : i < λ, h ∈ H and xh,i /∈
⋃
j<λ
vyj ∪
⋃
h∈H′
vh〉
is a partition of X [H ′] to pairwise disjoint open sets. In each basic open set there
is at most one point which is not isolated, and if so it has a neighborhood base
consisting of a decreasing sequence of (open) sets of length θ.
This suffices to show that X is (< λ)-metrizable when θ = ℵ0 and as required
generally (for 4)).
As for showing that X is not CWH (hence not metrizable and not normal), note
that {yi : i < λ} ∪ {zh : h ∈ H} is a discrete subspace.
If it is separated, we have a sequence of pairwise disjoint neighborhoods:
〈ug(i)[yi] : i < λ〉ˆ〈uζ(h)[zh] : h ∈ H〉. But H is not free (in the sense of Definition
4.1.A)) and we get a contradiction.
(b)+ ⇒ (b).
Trivial.
(b)⇒ (b)+.
Let X exemplify the second clause so without loss of generality |X | = λ. Let Y
be a discrete subspace of cardinality λ which cannot be separated. Let X+ be
the topology X on the set of points of X generated by basic open sets of X and
{{x} : x ∈ X\Y }.
Now X+ is not λ − CWH (Y still exemplifies it). But X+ is (< λ)-metrizable
as:
If Z ⊆ X, |Z| < λ, then we can find a sequence 〈uz : z ∈ Z ∩ Y 〉 of pairwise
disjoint open sets, and in X ↾ uz, every point is isolated except z, which has a
neighborhood basis of cardinality ℵ0, and every x ∈ Z\
⋃
z∈Z∩Y
uz is isolated.
This is enough.
(b)+ ⇒ (c)+
Trivial (as (< λ)-metrizable ⇒ (< λ)−∗ CWN).
(c)+ ⇒ (c)
Trivial.
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(c)⇒ (b)+
If X, 〈Yi : i < α〉 exemplifies clause (c) in (1) with 〈uζ(y) : ζ < θ〉 a decreasing
neighborhood basis of y; we can get another example X ′ to the third clause, as
follows.
We are, without loss of generality, assuming that |X | = λ. Then
X ′ =
⋃
i<α
Yi ∪
{
xy,z,ζ,ξ : for some i 6= j < α, y ∈ Yi,
z ∈ Yj , uζ [y] ∩ uζ [z] 6= ∅
}
with the neighborhood bases for y, z ∈
⋃
i<α
Yi given by
u′ε[t] = {y} ∪
{
xy,z,ζ,ξ :xy,z,ζ,ξ ∈ X
′,
t = y ∧ ε ≤ ζ or t = z ∧ ε ≤ ξ
}
and xy,z,ζ, isolated.
Clearly Y =:
⋃
i<α
Yi is discrete. Assume that 〈u
′
ε(y)[y] : y ∈ Y 〉 is a sequence of
pairwise disjoint open sets. Then let
Ui = ∪{uε(y)[y] : y ∈ Yi}.
So in X,Ui is an open set (as a union of open sets),
Yi ⊆ Ui as y ∈ uε(y)[y]
i 6= y ⇒ Ui ∩ Uj = ∅ ⇒ ∃y ∈ Ui, ∃z ∈ Uj(Uε(y) ∩ Uε(z) 6= ∅)
⇒ Xy,ζ,ε(y),ε(ζ) is well defined
⇒ in X ′ we have that U ′ε(y) ∩ U
′
ε(z) 6= ∅.
This is a contradiction.
So we conclude that y cannot be separated in X ′, so X ′ is not X − CWH.
Next, assume that Z ⊆ X ′, |Z| < λ, so in Z, 〈Yi ∩ Z : i < α, yi ∩ z 6= ∅〉 can be
separated, say by 〈Ui : i < α, Yi ∩ Z 6= ∅〉. So for y ∈ Y ∩ Z, there is an ε(y), such
that U ′ε(y)[y] ∈ Ui (the isolated points in X
′ ∩ Z\Y can be taken care of easily so
we ignore them).
Now, if Y1 6= z ∈ Y ∩ Z then:
if (∃i)(y, z ∈ Yi) then u
′
ε(y) ∩ u
′
ε(z) = ∅
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(for any choice of ε(y), ε(z) if)
y ∈ Yi, z ∈ Yj , i 6= j, if u
′
ε(y) ∩ u
′
ε(z) 6= ∅
then Xy,z,ε(y),ε(z) exists, so
∅ 6= uε(y) ∩ Uε(z) ⊆ Ui ∩ Uj
which is a contradiction.
That X ′ is (< λ)-metrizable now follows as in (b)⇒ (b)+.
c)⇒ d).
Assume that X is a normal first countable (< λ) − ∗CWN not λ−∗ CWN -space,
without loss of generality with the set of points λ, so there is a sequence 〈Yi :
i < α〉 of pairwise disjoint subsets of X, Yi 6= ∅, Yi is clopen in X ↾ (
⋃
j<α
Yj) and
〈Yi : i < α〉 cannot be separated. For y ∈ Y =:
⋃
i<λ
Yi let u¯Y = 〈uζ [y] : ζ < θ〉 be
a neighborhood basis of the topology for y, and without loss of generality ε < ζ <
θ ⇒ uζ [y] ⊆ uε[y]. Let
H =
{
(h, u¯) : for some i < α and for some y ∈ Yi,
(k, u¯) = (y, u¯y), which means :
Dom(h) =
⋃
j 6=i
Yj, cℓ(h(z)) = {(ζ, ξ) ∈ θ × θ : uζ [y] ∩ uξ[zz] = ∅}
and u¯ is 〈uξ(y) ∩ Dom(h) : ζ < θ〉
}
.
Note that h(z) is uniquely determined by cℓ(h(z)), cℓQ(k(z)). As we check that H
exemplifies SQwℵ0 , i.e. the clauses in 4.1A(3). Clauses (a), (b) are immediate. As
for clause (c), let H ′ ⊆ H, |H ′| < λ, and
Z ′ ⊆ ∪{Dom(h) : (h, u¯) ∈ H}, |Z ′| < λ, let
Y ′ =: {y : y ∈
⋃
i<α
Yi, and y ∈ Z
′ or (hy, u¯y) ∈ H
′}, so |Y ′| < λ; we can find
X ′ ⊆ X, |X ′| ≤ |Y ′|+θ < λ such that Y ′ ⊆ X ′, and for every y, z ∈ Y ′, ζ < θ, ξ < θ,
we have uζ [y] ∩ uξ[z] 6= ∅ ⇒ uζ [y] ∩ uξ[z] ∩X
′ 6= ∅. As |X ′| < λ we know that X ′
(i.e. X ↾ X ′) is CWN , and 〈Yi ∩X
′ : i < α〉 is a discrete sequence of closed sets in
X ′ hence there is a function g : Y ′ → θ such that
(∗) if i < j < α, y ∈ Y ′ ∩ Yi, z ∈ Y
′ ∩ Yj , then
ug(y)[y] ∩ ug(z)[z] = ∅ (intersecting with X
′ is immaterial).
Hence by the choice of g
(∗∗) if i 6= j(i < α, j < α), y ∈ Y ′ ∩ Yi, z ∈ Y
′ ∩ Yj
then (g(y), g(z)) ∈ cℓ(hy(z)).
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This is enough.
We are left with proving that H is not free, so suppose f, g : Y → θ satisfies
⊗
for every y ∈ Y ,
for every z ∈ Dom(hy), (g(y), f(z)) ∈ cℓ(hy(z)),
so without loss of generality f = g.
For i < α let
Ui = ∪{Ug(y)[y] : y ∈ Yi}.
So Ui, being the union of open sets is open.
If i < j, y ∈ Yi, z ∈ Yj then
ug(y)[y] ∩ ug(y)[z] 6= ∅ ⇒ (g(y), g(z)) ∈ cℓ(hy(z))
⇒ (g(y), f(z)) = (g(y), g(z)) ∈ cℓ(hy(z)).
Contradiction, by the choice of f and g.
So ug(y)[y] ∩ ug(z)[z] = ∅, as y ∈ Yi, z ∈ Yj were arbitrary, Ui ∩ Uj = ∅.
We conclude that 〈Yi : i < λ〉 can be separated, which is a contradiction.
2) We prove each implication
(A) λ ∈ SQdθ,σ ⇒ λ ∈ SQθ,σ ⇒ λ ∈ SQwθ,σ. Obvious.
(B) λ ∈ SQwθ,σ ⇒ SQdθ,σ ∩ [λ, λ
θ] 6= ∅ when σ ≤ θ+.
Assume that H exemplifies λ ∈ SQwθ,σ. By the definition (h, u¯) ∈ H ⇒ uζ ⊆
Dom(h) &
⋂
ξ<θ
uξ = ∅. Let for each (h, u¯) ∈ H,
H∗(h,u¯) =
{
f : f is a function from ordinals to Pie(θ × θ) and Dom(f) = ν
for some set v, v ⊆ Dom(h), |v| = θ,
but ζ < θ ⇒ |v\uζ | < θ, and
(∀α ∈ ν)[cℓ(f(α)) ⊇ cℓ(h(α))], and f is simple
}
and H∗ = ∪{H∗(h,u¯) : (h, u¯) ∈ H}.
It is easy to check that H∗ satisfies clauses (a) and (b) from 4.1A(1) and (e) of
4.1A(2) and |H∗| = λθ.
As for clause (c) of 4.1A(1), letH ′ ⊆ H, |H ′| < λ, letH ′ = {fj : j < j(∗)}, j(∗) <
λ, and (hj , vj) as in the definition of H
∗
(h,u¯) for some (hj , u¯j) ∈ H. Define H
′′ =
{(hj , u¯j) : j < j(∗)}, Y =
⋃
j<j(∗)
vj . Now H
′′ is a subset of H of cardinality < λ,
Y ⊆ Ord and |Y | < λ so as H exemplifies λ ∈ SQwθ,σ, we can find a 〈gi : i < i(∗)〉,
i(∗) < σ, gi ∈
λθ and for every (hj , u¯j) ∈ H
′′ for some i = i(j) < i(∗) we have
(∃ζ < θ)(∃ξ < θ)(∀α ∈ uj,ζ ∩ Y )[(gi(α), ξ) ∈ cℓ(hj(α))].
Now 〈gi : i < i(∗)〉 are O.K. for H
′, too, as cℓ(fj(α)) ⊇ cℓ(hj(α)) and |vj\ui,ζ | <
θ.
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We are left with clause (d) of 4.1A(1), so assume i(∗) < σ and gi ∈
λθ for i < i(∗)
exemplifies H∗ is σ-free. By the choice of H for some
(h, u¯) ∈ H we have
∧
i
¬(∃ζ < θ)(∃ξ < θ)(∀α ∈ uζ)[(gi(α), ξ) ∈ cℓ(h(α))].
Let 〈ai : i < i(∗)〉 be a partition of θ to unbounded subsets, and we choose by
induction on ζ < θ, an ordinal αζ ∈ uζ and γξ < θ such that if αζ ∈ ai then
Υζ ∈ θ\

⋃
ξ<ζ
i<σ
(gi(Υξ) ∪Υε) + 1


(gi(αζ),Υζ) /∈ cℓ(h(αζ))
and let f(αζ) be such that
cℓ(f(αζ)) = {(γ1, γ2) : γ1 < θ, γ2 < θ, and (γ1, γ2)  (gi(αζ),Υζ)}.
Let v =: {αg : ζ < θ}, so f ∈ H
∗(h, u¯) ⊆ H∗ exemplifies that 〈gi : i < i(∗)〉
exemplify tht H∗ is σ-free. We can finish by 4.3A(1).
(3) As in 2), λ ∈ SPdθ,σ ⇒ λ ∈ SPθ,σ ⇒ λ ∈ SPwθ,σ is obvious.
We need to prove that λ ∈ SPwθ,σ ⇒ SPdθ,σ ∩ [λ, λ
θ] 6= ∅ when σ ≤ θ+.
The proof if similar to that of (2). We start with H exemplifying that λ ∈ SPwθ,σ.
We assume that for each (h, u¯) ∈ H, u¯ is standard. So for (h, u¯) ∈ H, we define
H∗(h,u¯) =
{
f : f is a function from ordinals to θ and f is 1− 1,
and for some set v ⊆ Dom(h), we have that |v| = θ, but
ζ < θ ⇒ |v\uζ | < θ, while (∀α ∈ v)f(α) ≤ h(α)
}
.
Let H∗ = ∪{H∗(h,u¯) : (h, u¯) ∈ H}.
Checking that this H∗ is as required is similar to (2). For example, to see 4.1.1)d),
suppose that i(∗) < σ and 〈gi : i < i(∗)〉 exemplify that H
∗ is free. By the choice
of H∗, there is an (h, u¯) ∈ H such that
∧
i
¬(∃ζ < θ)(∃ζ < θ)(∀α ∈ uζ)[h(α) ≤ max{gi(α), ξ}].
Let 〈ai : i < i(∗)〉 be as in (2), and we choose by induction on ζ < θ, an ordinal
αζ ∈ uζ and Υζ ∈ θ such that
αζ ∈ ai ⇒ Υζ ∈ θ\

⋃
i<σ
ξ<ζ
(gi(γξ) ∪ γξ) + 1


and
h(αζ) > max{gi(αζ), γζ}.
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Then we let f(αζ) be such that
f(αζ) ≤ max{gi(αζ , γζ}
but
f(αζ) /∈ {f(αξ) : ξ < ζ}.
4) Included in the proof of (1). 4.4
4.5 Claim. Assume λ ∈ SPθ,σ, µ is a strong limit with cf(µ) > θ, and
2µ = µ+ > λ.
Then there is a κ ∈ [λ, µ+], a regular cardinal such that κ ∈ SP+θ,σ where
4.6 Definition. 1) κ ∈ SP+θ,σ means that κ is regular > θ and we can find an
S ⊆ {δ < κ : cf(δ) = θ} stationary, η¯ = 〈ηδ : δ ∈ S〉, h¯ = 〈hδ : δ ∈ S〉, such that
(a) ηδ is a strictly increasing sequence of ordinals
of length θ with limit δ
(b) hδ : Rang(ηδ)→ θ is strictly increasing
(c) H = {hδ : δ ∈ S} is (< κ)-σ- free not σ-free (in 4.1’s sense).
2) κ ∈ SP ∗θ,σ if in the above we add:
(d) hδ(ηδ(ε)) depend on ηδ(ε) only
(e) η¯ is tree like, i.e. ηδ1(ε1) = ηδ2(ε2)⇒ ε1 = ε2 & ηδ1 ↾ ε1 = ηδ2 ↾ ε2.
Remark. The assumption “µ+ = 2µ” (in 4.5) is very reasonable because of 4.2(2)
(and 4.2(3) from the topological point of view).
4.6A Observation. 1) SP ∗θ,σ ⊆ SP
+
θ,σ ⊆ SPθ,σ.
2) If 〈hδ, ηδ : δ ∈ S〉, κ satisfies the preliminary requirements and clauses (a), (b)
of 4.5 and H is (< κ1)-free, κ1 > θ then for some µ ∈ [κ1, κ], µ ∈ SP
+
θ .
3) Similarly for SP ∗θ,σ.
Proof. Like 2.3 or 2.4. 4.6A
4.6.B Conclusion. For λ > θ = cf(θ), χ = iχ > λ, the following are equivalent:
(a) for some µ ∈ [λ, χ), µ ∈ SPθ
(b) for some µ ∈ [λ, χ), µ ∈ SP+θ .
(c) for some µ ∈ [λ, χ), µ ∈ SP ∗θ .
Proof. By 4.5, (b)⇒ (a), as for (a)⇒ (b), let µ = i
λ+(θ
+) , if pp(µ) > µ+ use 4.2(2)
and if pp(µ) = µ+ use 4.4. 4.6.B
Proof of 4.5. Use ♦{δ<µ+:cf(δ)=θ} and imitate 3.3. 4.5
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4.7 Claim. Assume θ = θ<θ or ∃F ⊆ θθ which is cofinal in θθ and |{f ↾ ζ :
f ∈ F, ζ < θ}| ≤ θ. Let 〈hδ, ηδ : δ ∈ S〉 exemplify λ ∈ SP
∗
θ (even omitting “ηδ
converge to δ, ηδ strictly increasing”). Then any θ
+-complete forcing preserves the
non-freeness of
{hδ : δ ∈ S}.
Proof. Instead of the domain of the functions hδ being a subset of λ, we can assume
that it is T = {ηδ ↾ ζ : δ ∈ S, ζ < θ a successor} (identify ηδ(ζ) with ηδ ↾ (ζ +1), so
Dom(hδ) = {ηδ ↾ ζ : ζ < θ is a successor ordinal }). Suppose Q is a θ
+-complete
forcing notion, p ∈ Q and p  “g
∼
: T → θ exemplifies {hδ : δ ∈ S} is free ”. We
now define by induction on ℓg(η) < θ a seuqnce 〈pη,t, εη,t, v : t ∈ Tη〉 for η ∈ T such
that:
(α) Tη ⊆
ℓg(η)≥θ, is closed under initial segments
(β) t ⊳ s ∈ Tη ⇒ pη,t ≤Q pη,s
(γ) if t ∈ Tη, either
∧
ζ<θ
tˆ < ζ >∈ Tη or
∧
ζ<θ
tˆ < ζ >/∈ Tη
(δ) If t ∈ ℓg(η)≥θ, ℓg(t) is a limit ordinal and (∀ζ < ℓg(t))(t ↾ ζ ∈ Tη), then
t ∈ Tη,
(ε) if ν ⊳ η then Tν ⊆ Tη and t ∈ Tν ⇒ (pη,t, εη,t) = (pν,t, εν,t)
(ζ) if ℓg(η) is a limit ordinal then
Tη = {t : t ∈
⋃
ν⊳η
Tν or ℓg(t) is a limit ordinal and (∀s)[s ⊳ t⇒ s ∈
⋃
ν⊳η
Tν ]}.
(η) assume η = νˆ < α > and s is a ⊳-maximal element of Tν , then:
(a) if {ζ < θ : pη,s 2Q “g
∼
(η) 6= ζ”} is bounded in θ
then s is a ⊳-maximal element of Tη.
(b) if A = {ζ < θ : pη,s 2 “g
∼
(η) 6= ζ”} is unbounded in θ, then for every
ζ < θ, sˆ < ζ > is a maximal member of Tη, and psˆ<ζ> forces a value
εsˆ<ζ> > ℓg(η) to g
∼
(η).
We can carry this definition.
(∗) if δ ∈ S then for some ζ = ζδ < θ and t = tδ ∈ Tηδ↾ζ we have: t is a
⊳-maximal member of Tη↾ξ for every ξ ∈ [ζ, θ).
[why? otherwise we can construct a t ∈ θθ such that (∀s)[s ⊳ t ⇒ s ∈
⋃
ξ<θ
Tηδ↾ξ],
t(ε) > ε and for unboundedly many ξ < θ, for some sˆ < ζ > ⊳ t we have
sˆ < ζ >∈ Tηδ↾(ξ+1)\Tηδ↾ξ, εsˆ<ζ> > hδ(ηδ ↾ (ξ + 1)), ξ.
Now {pν,s : ν ⊳ ηδ, s ⊳ t, s ∈ Tν} has an upper bound in Q, p
∗. Then p∗ forces for
g
∼
(η ↾ (ξ + 1)) a value > hδ(η ↾ (ξ + 1)), ξ; this is a contradiction to
p  “g
∼
exemplifies the freeness of {hδ : δ ∈ S}”]. 4.7
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4.8 Theorem. Assume λ < µ, (∀κ < µ)[χℵ0 < µ) (possibly µ = ∞). Then the
following are equivalent:
(A) There is a space X such that:
(a) X is (< λ)-metrizable
(b) X is not metrizable
(c) X has < µ points.
(B) There is a first countable Hausdorff space X such that:
(a) X is (< λ)-CWH
(b) X is not λ-CWH
(c) X has < µ points.
(B)+ There is a space X like in (B), and in addition
(a)+ X is (< λ)-metrizable.
(C) There is a first countable Hausdorff space X such that:
(a) X is (< λ)−∗ CWN
(b) X is not λ−∗ CWN
(c) X has < µ points.
(C)+ There is an X like in (C), and in addition,
(a)+ X is (< λ)-metrizable.
(D) there is a family H of functions with domains countable sets of ordinals and
range ⊆ ω such that:
(a) H is (< λ)-free
(b) H is not free
(c) |H| < µ.
(D)+ as in (D) and
(d) ∪{Dom(h) : h ∈ H} = λ′ ∈ [λ, µ)
(e) each h is one to one.
(D)′ [µ, λ) ∩ SPℵ0 6= ∅
(D)′′ [µ, λ) ∩ SPwℵ0 6= ∅
(D)′′′ [µ, λ) ∩ SPdℵ0 6= ∅
(E) there is a
=
u = 〈< uα,n : n < ω >: α ∈ v〉,uα,n+1 ⊆ uα,n ⊆ v, such that:
(a)
=
u is not free
(b) for v′ ∈ [v]<λ,
=
u ↾ v′ is free
(c) |v| < µ.
(E)′ [µ, λ) ∩ SQℵ0 6= ∅
(E)′′ [µ, λ) ∩ SQwℵ0 6= ∅
(E)′′′ [µ, λ) ∩ SQdℵ0 6= ∅
ℵ1-METRIZABLE NOT METRIZABLE 31
4.8A Theorem. In 4.8 if (∀κ < µ)(iθ+(κ) < mu) (really (∀κ < µ)(iω1(κ) < µ)
is O.K. Equivalently µ = iδ = θ+(δ) then we can add
(F ) for some regular κ ∈ [λ, µ) we have INCWH(κ)
(F )′ λ ∈ SP+ℵ0
(F )′′ λ ∈ SP ∗ℵ0
Proof of 4.8A. By 4.4(1) (the (b)⇔ (b)+ ⇔ (c)⇔ (c)+ part) we know the equiva-
lence of (A), (B), (B)+, (C) (C)+.
By x.x (D)⇔ (D)′.
By 4.4(3) we have (D)′ ⇒ (D)′′ ⇒ (D)′′′.
By x.x (E)⇔ (E)′.
By 4.4(3A) (E)′ ⇒ (E)′′ ⇒ (E)′′.
By 4.1A(2) (E)′′ ⇒ (D)′.
By 4.1A(1) (D)′ ⇒ (E)′, (D)′′ ⇒ (E)′′, (D)′′′ ⇒ (E)′′.
Together we get the equivalence of (D), (E), (D)′, (E)′, (D)′′, (E)′′, (D)′′, (E)′′.
By 4.4(1) (E)′ ⇒ (A) ⇒ (E)′′′, so by the last sentence and the first paragraph
we have finished the proof of 4.8. For 4.8A use 4.6B.
4.4 Fact. Let λ = cf(λ) > θ = cf(θ).
(A) There is H =
⋃
i<λ
Hi such that:
(α) Hi is increasing continuous
(β) Hθ is a family of functions h, Dom(h) is a set of θ ordinals, h is one
to one
(γ) each Hi is free, but H is not free.
(B) = (B)r,θ. Let X = Xλ,θ =:
λθ
F = Fλ,θ =:
{
f : f a partial function from X to θ, |Domf | = θ and
(∀∗i < λ)(∀∗η ∈ Dom(f))[f(η) ≤ η(i)]
and f is one to one
}
.
Then there is no G : X → ω such that
f ∈ F ⇒ f(∀∗η ∈ Dom(f))[f(η) ≤ G(η)].
Then
(A)⇔ (B).
Proof. (A)⇒ (B).
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Let H,Hi(i < λ) exemplifies (A), let A = ∪{Dom(h) : h ∈ H}, and let gi : A = θ
exemplify “Hi is free”.
We define an equivalence relation E on A : α∃β ⇔
∧
i<λ
gi(α) = gi(β). If for some
h ∈ H and α, (α/E) ∩ Dom(h) has cardinality θ, choose i < λ such that h ∈ Hi,
and gi cannot satisfy the requirement. let h
⊗ be a function with domain Dom(h),
h⊗(α) = sup{h(β) : β ∈ α/E}. Now H ′ =: {h⊗ : h ∈ H}, H ′′i {h
⊗ : h ∈ H ′i}
exemplifies (A) too. So without loss of generality E is the equality on A.
Next for each α ∈ A let ηα ∈
λθ(= X) be defined by ηα(i) = gi(α), so α 6= β ⇒
ηα 6= ηβ . For h ∈ H let Dom(h) = {αh,ζ : ζ < θ} such that 〈h(α
∗
h,ζ) : ζ < θ〉 is
strictly increasing. For h ∈ H let the function fh be defined by:
Dom(fh) = {ηαh,ζ : ζ < θ}, fh(ηαh,ζ ) = h(αh,ζ).
Now
(∗) h ∈ H ⇒ fh ∈ F .
[Why? Let i(∗) = min{i : h ∈ Hi} (well defined as H =
⋃
i<λ
Hi), so i ∈ [i(∗), λ)
implies h ≤∗ (gi ↾ Dom h). So for some ζ(∗) < θ, for every ζ ∈ [ζ(∗), θ) we have
h(αh,ζ) ≤ gi(αh,ζ), but fh(ηαh,ζ ) = h(αh,ζ) and gi(αh,ζ) = ηα(i) so: for every i < λ
large enough for all but < θ members η = η(αh,ζ) of Dom fh, fh(η) = h(αh,ζ) <
gi(αh,ζ) = ηαh,ζ (i) = η(i) as required].
So assume G is a function from X to ω such that
(∗∗) f ∈ F ⇒ (∀∗η ∈ Dom(f))[f(η) ≤ G(η)]
and we should get a contradiction. let us define g ∈ Aθ by g(α) = G(ηα). So for
h ∈ H, we have fh ∈ F hence by (∗) + (∗∗) for some ζ(∗) < θ, ζ ∈ [ζ(∗), θ) ⇒
fh(ηαh,ζ ) ≤ G(ηαh,ζ ). But fh(ηαh,ζ ) = h(αh,ζ), and g(αh,ζ) = G(ηαh,ζ ) so ζ ∈
[ζ(∗), θ) ⇒ h(αh,ζ) ≤ g(αh,ζ). So g shows that H is free, contradiction. We have
proved (B).
(B)⇒ (A)
The demand A =
⋃
h∈H
Dom(h) ⊆ Ord is immaterial, so let A = X,H = Fλ,θ.
Lastly for i < λ let gi : A→ θ be gi(η) = η(i), and
Hi = {f ∈ F : for every j ∈ [i, λ) we have (∀
∗η ∈ Dom(f))[f(η) ≤ η(i)}.
4.10 Conclusion. INCWH(λ) implies (B)λ,θ of Fact 4.9 implies (∃µ)[λ ≤ µ ≤
2λ & INCWH(µ)].
4.11 Remark. It is well known that
(∗) if there is a real valued measure m on P (λ), θ = ℵ0
G(f) = Min{n : m(f−1({n}) > 0}
then G contradicts (B)λ,ℵ0 .
Also, it is consistent that SPℵ0 ⊆ (2
ℵ0)+. This follows from the consistency of
the PMEA (Product Measure Extension Axiom) and Fact 4.9.
The consistency of PMEA is due to Kunen. See [Fl] for an exposition.
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